Abstract. A group of infinite products over low-order rational polynomials evaluated at the sequence of prime numbers is loosely called the HardyLittlewood constants. In this manuscript we look at them as factors embedded in a super-product over primes, semiprimes, 3-almost primes etc. Numerical tables are derived by transformation into series over k-almost prime zeta functions. Alternative product representations in a basis of k-almost prime products associated with Euler's formula for the Riemann zeta function are also pointed out.
Appetizer
As pointed out by J. Vos Post [16] , infinite products over rational polynomials evaluated at integers n can be reordered as the integers are individually classified as k-almost primes [4] Examples of this factorization of (1) are gathered in Table 1 . The particular case of k = 1, product over the primes, results in rational numbers if s is even (chapter 7 of Ramanujan's first notebook),
with B . the Bernoulli numbers, ζ(.) Riemann's zeta function.
Proof. This follows from Euler's formula
the sign-switched sibling [9, 14] (7) 
. 
Almost-Prime Zeta Functions of the 2nd Kind
Formulas like (5) and (7) indicate that the products defined in (1) might not represent the atomic constituents of this arithmetic. A vague hope to establish some useful arithmetic basis-plus a glimpse at Euler's formula (6)-proposes Definition 3. (k-almost prime zeta functions of the 2nd kind)
With reference to (4) there are logarithms, the logarithmic derivative,
and their Möbius inversion
This definition factorizes each of the constants of (1),
The unrestricted host product over all integers is evaluated with (9), 
Division leads to
and in general to
.
In that sense, the ζ k keep up to the promise to generate the rational polynomials of Section 1.
and generally from 1 −
• The three different ways of grouping factors on the right-hand side of (1 −
a special case of
, s odd;
, s even.
•
n≥2,Ω(n)=k
Other formats are products of these in disguise. The elementary examples are
to be continued in Appendix A. 
Artin's Constant

Definition 4. (Artin's Constants of order r)
This demonstrates how
is derived; the actual numerical evaluation of A (r) is done easier via (9) . Occasionally these Γ-functions simplify:
The attribute "decremented" stresses that 1 + a r,s are the reference values that one would find, for example, in the Online Encyclopedia of Integer Sequences [15] .
These integer sequences provide the notational shortcut
and have recurrences (32) a r,s = 0, s ≤ 1; a r,s = 2a r,s−1 − a r,s−2 + a r,s−r−1 − a r,s−r−2 , r ≥ 1 and generating functions The argument of the product (26) admits an exponential product expansion [12, 13] 
From the Laurent expansion
we see that this is (up to a sign flip) the inverse Euler transform of the all-1 sequence padded with a short string of initial zeros [6, 2] . 
The same result could be obtained by plugging (12) into the right hand side of (31), then exponentiation, which reveals the Möbius pair
Remark 2. This connection between the two types of coefficients does not depend on the mediation by P nor on summation over n. Supposed any γ j are defined in
Let furthermore g k be defined via
then-by comparison of coefficients of equal powers k = sj of n-
Twin Prime Constants
Definition 6. (Twin Prime Constants of order r)
This is a sum rule for the zeta function. The actual values of T (r) duplicate those of (15) because
Repeating (46) yields
One can rewrite this as
by introducing integer sequences t r,s via Generating functions are
(1−x)(1−2x)(1−2x+2x 2 ) , r = 4,
(1−x)(1−2x)(1−3x+4x 2 −2x 3 +x 4 ) , r = 5,
(1−x)(1−2x)(1−4x+7x 2 −6x 3 +3x 4 ) , r = 6,
(1−x)(1−2x)(1−5x+11x 2 −13x 3 +9x 4 −3x 5 +x 6 ) , r = 7. 
Examples at indices j ≥ 2 are 
Quadratic Class Number
A sign flip in a denominator of (26) provides
Definition 8. (Quadratic Class numbers of order r)
The special value
is found with (9) . Essentially duplicating the calculation in (27) we have 
The previous line introduces auxiliary integer sequences q r,s equivalent to (30) with
Definition 9. (Binomial transforms of aerated alternating-1 sequences)
Lists at s ≥ 2 are 
The zeta-expansion exponents γ (Q) r,j are defined to satisfy
In the range j ≥ 2 we find The analogue of (40) relates q r,j with γ
r,l .
Feller-Tornier
Definition 10. (Feller-Tornier Constants)
Closed form expressions generated from the n roots of (n + 1) r − 2 via (9) are: Table 6 is produced accumulating
The zeta-expansion exponents γ
r,j . Table 6 . Constants defined in (75). Where the k-column is empty, the value is The others are obvious: the count of zero fillers-factors effectively dropping out in (80)-grows simply as r − 1.
Hardy-Littlewood
The Hardy-Littlewood constants, in the narrow sense, are the cases k = 1 in Definition 11. 2) might be linked in here. As before, we turn to the logarithm and define associate integer expansion coefficients c 
which can be summarized after interchange of summations as
in a simple common format:
Plugging (4) into the right hand side of (88), we compensate for the fact that the lower limits n > r discard some n for the prime (k = 1) and semiprime (k = 2) cases: 
Summary
The familiar Hardy-Littlewood, Artin's, Feller-Tornier and similar constants are infinite products over the prime numbers. We have generalized these to products over k-almost primes, and provide tables for low ranks and small k. The products over all values of k are infinite "host" products, easily evaluated as a multi-gamma functions associated with the roots of the defining rational polynomial.
(102) n≥2,Ω(n)=k 1 − n (l−1)s − 1
n≥2,Ω(n)=k 1 + 1 n s (n − 1) − 1 = 1
n≥2,Ω(n)=k 1 + 1 n(n s+1 − n s − 1) = 1
,Ω(n)=k 1 − 2n s + n s−1 + n s−2 + · · · + n + 1
